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■ A novel approach to the analysis of a noncommutative Chern-Simons gauge theory 
, with matter coupled in the adjoint representation has been discussed. The analysis is 
I based on a recently proposed closed form Seiberg-Witten map which is exact in the 
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gn! PAC codes: ll.lO.Nx, 11.15-q 

(— I ! Keywords: Noncommutativity, Chern-Simons gauge field, Energy-momentum tensor, 

■ Solitons 

^ I The idea of fuzzy space time where the coordinates x^^ satisfy the noncommutative 

C3 ■ (NC) algebra 

[x^,x''] = i^^"' (1) 

where 6^'^ is a constant anti-symmetric tensor, was mooted long ago fll. This idea has 
been revived in the recent past and field theories defined over this NC space are currently 
the subject of very intense research [2j . One approach of analysis of the NC field theories is 
to work in a certain Hilbert space which carries a representation of the basic NC algebra. 
The fields are defined in this Hilbert space by the Weyl-Wigner correspondence. The 
operator approach is easily extended to the abelian and nonabelian gauge groups |31. 
An alternative approach of treating NC theories is to work in the deformed phase space 
where the ordinary product is replaced by the star product. In this formalism the fields 
are defined as functions of the phase space variables with the product of two fields (j){x) 
and iIj{x) given by the star product 

^{x)^ij{x) = (x) = e^'^"^^"^'^^{x)7P{x')l,^^^ (2) 
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An important breakthrough in the investigation of the NC gauge theories has been 
achieved by Seiberg and Witten [1] from their study of the Dirac-Born-Infeld (DBI) ac- 
tion of open string dynamics on a D-Brane obtained in the Hmit of slowly varying fields 
[3]. It was observed that depending on the regularization scheme one can have alter- 
native descriptions of the theory in terms of commutative and noncommutative models. 
Since physics must be independent of the particular regularization scheme a space time 
redefinition between the ordinary and noncommutative gauge fields is indicated. 

Prompted by Seiberg and Witten's seminal work a new approach towards the study of 
NC gauge theories has originated in the literature both for the abelian ^6^ and non-abelian 
[Zj gauge groups where the NC gauge theories have been analysed from their commutative 
equivalent counterparts. Various NC models have been analysed in the recent past from 
this point of view 0. The essence of this approach is to formulate the theory on the 
phase space and expand the star products ((3) with appropriate Seiberg-Witten maps 
implemented individually on the fields of the model. Consequently, the outcome is in the 
form of a perturbative expansion in the noncommutative parameter. It will be very much 
desirable if this analysis can be done in a closed form such that results exact to all orders 
in 6 are obtained. Naturally, the possibility of this rests on the availabilibility of the SW 
maps in a closed form. 

Recently, a method of obtaining SW maps for certain models has been devised which 
is exact in the NC parameter jHlEj. This is based on the change of variables between 
open and closed string parameters and connection of the approach with the deformation 
quantization technique has been demonstrated ^U]. Specifically, an exact map for an 
adjoint scalar field has been found [lOj . consistent with that deduced from RR couplings 
of unstable non-BPS D-branes In the present letter we will use this map to analyze 
a Chern-Simons (C~S) coupled scalar field theory in 2 + 1 dimensional flat space 

time where the scalar field is in the adjoint representation of the gauge group. Models 
with the NC scalar field in the adjoint representation have been considered earlier from 
the operator approach with the gauge field dynamics governed solely by the Maxwell term 
and also by a combination of the Maxwell and the C~S term jTl] . Our selection of the 
model is motivated by the fact that in the commutative limit the scalar field decouples 
from the gauge interaction. In other words any non-trivial result of our analysis comes 
from the NC features only. For the same reason we chose the C~S coupling because it 
remains form-invariant under SW map ^|. Apart from this the C-S theories have been 
studied both in the commutative and noncommutative settings JZj principally due 
to their inherent interest in connection with the theory of fractional spin and statistics. 

The action of our theory is given by 



(3) 



where ip is the scalar field and is the NC C-S gauge field. We adopt the Minkowski 
metric rj^i, = diag (+,—,—,—). The covariant derivative * is defined as 



i Af„<p (4) 
The action @ is invariant under the *-gauge transformation 

6^Aij_ = Df,-kX, 6'^(f> = -i 4>,X (5) 
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The commutative version of © can easily be obtained by using the exact SW map for 
x) given in 10] and noting that the C-S action retains its form under SW map. 
Proceeding in this direction we write the commutative equivalent of ^ as 



SW map 



S '^"="^" J d^x 
In ® we have used the matrix notation 



1 



1 



(6) 



(7) 



Also (1 + FO) is to be interpreted as a mixed tensor in calculating the determinant. Note 
that the quartic term in the C-S action vanishes in the commutative equivalent version. 
The scalar field part of the action Q can be written as an ordinary scalar field theory 
coupled with a gravitational field induced by the dynamical gauge field. However, the 
dynamics of the gauge field, being dictated by the Chern-Simons three-form, is unaffected 
by the induced gravity. If we would instead consider Maxwell theory then the coupling 
should equally affect the gauge field dynamics also (10) . 

From we readily observe that in the commutative limit [Of^i^y — > 0) the gauge field 
decouples, leading to the well known fact that there is no non-trivial gauge coupling of 
the neutral scalar field in the corresponding commutative field theory. The commutative 
equivalent to the transformations © are 



6^(1) = 



(8) 



Clearly, the action © is manifestly invariant under 

It is now straightforward to write down the equations of motion for the scalar field 
and the gauge field A^ from ^ respectively as 



and 

where, in ([T?1|l. 
= 8s 



ke^'^'^d^Ax = f 



(9) 
(10) 
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det (1 +Fe)\ \ (Orr-^ + ^ 



4\ l + FO l + OF 



1 



1 \ '^^ 



1 + ^6* 1 + 6*^ 



+ 



1 



1 



l + F91 + eF 



fj,a 



1 



l + OF 



+ 



1 



l + FO 



1 



1 



l + FOl + OF 



(11) 



Certain observations about the above equations are in order. In the commutative limit 
or (and) vanishing gauge field 



Thus the equation of motion for (/> in @ reduces to the expected form d^d'^cj) = in 
these hmits. Again going to the commutative hmit we find that the gauge field equation 
becomes trivial, which is also a characteristic feature of C-S theories without any matter 
coupling. By direct computation, we get from 

dc.r = (13) 

This exhibits the consistency of ()1U|). Naturally, is interpreted as the matter current. 

At this point it can be noted that the usual approach of obtaining the commutative 
equivalent of ^ is to expand the star products and use separate maps for the gauge fields 
and matter fields in the form of perturbative expansions in the NC parameter 0. To 
the lowest order in 9 the explicit forms of the SW maps are known as j4j i6j 

^ = - Amdji^ 

Ai = Ai-^e^'^Amid.Ai + Fji) (14) 
Using these expressions and the star product @ to order 9 in ^ we get 

(15) 

We can show explicitly that the first order approximation of © matches exactly with 
(|T5|) . Naturally, the equations of motion Q and (|T?1|) should agree upto the first order 
with those following from the conventional first order action ()15|) . Expanding Q and (|lUj) 
to first order in we get 

da, [{1 + Tr [FO)} - [FO + OF)'"' d^cP] = (16) 

and 

ke'^'^d.Ax = + + (17) 

respectively. One can verify easily that the same equations follow as Euler-Lagrange 
equations from ((T3|) . 

We now turn to the construction of an energy momentum (EM) tensor of our model 
The issue of energy momentum tensor for a noncommutative gauge theory involves 
many subtle points as evidenced in the literature It is thus instructive to address 

the question from different approaches, which in the context of commutative models are 
known to lead to equivalent conclusions but the same is not true apriori for NC gauge 
theories. Indeed, the commutative equivalent model offers an appropriate platform to 
discuss these aspects. 

We begin with the construction of the Noether EM tensor. Consider the infinitesimal 
space time translation (x^ + a'^) under which the fields (j) and A^ transform as 

6cj) = af'd^cl), 6A^ = a'^duA^ (18) 
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From the invariance of the theory we get the following form of the EM tensor in the usual 
way, 



QC 

^ per 



det (1 + FO) 



1 



1 



l + Fei + OF 



+ 
+ 

+ 



1 1 

+ 



l + FO l + OF 
1 1 \/^" 



"5. 



1 



1 \ 



l + Fdl + OF, 



l + FO l + OF 
1 \ 



1 



l + FO 



1 



l + OF 
1 



1 



-^'npo 



1 



l + FOl + OF 
1 \^^^ 



l + Fei + 9F 



dn(l)dy(t) 



(19) 



The Noether E-M tensor is useful to construct the generators of space time transfor- 
mations. However, it is neither gauge invariant nor symmetric. One would then like to 
improve it to get a gauge invariant EM tensor using Belinfante's method. A better alter- 
native is to considr a subsequent gauge transformation with the spatial translation H18() 
so that the gauge field transform covariantly. 



vp, 



(20) 



and obtain an improved EM tensor by Noether's method ^19^ using the modified trans- 
formation. This leads to 



T 

-'per 



dc 



dC 



d {dPAa 



+ 



det (1 + FO) 
1 



1 



1 



+ 



l + FOl + eF 

1 



'dy(i)da(j) 



l + Fe l + OF 



1 



l + Fe l + OF 



pv 



1 



1 



l + FO l + OF 



pa 



1 



/ 1 / 1 1 



l + OF, 

'of 



-,Vpo 



1 



1 



l + FO l + OF 



pu 



d, 



pY'-'u'i 



(£p''"^p-^cro + Vpa^^'^'^ Apdi^Aa) 



(21) 



Apart from the contribution from the C~S part this expression is gauge invariant. How- 
ever, it is not symmetric. In the commutative theories this part of the improved EM tensor 
becomes simultaniously symmetric. The exception in the context of NC gauge theories 
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has already been mentioned and is due to the fact that Lorentz and classical conformal 
invariance are broken in such theories |18j . 

We have observed that the canonical procedures do not lead to a satisfactory EM 
tensor. An alternative procedure is to vary the action Q with respect to a background 
metric and finally keeping the metric flat. We thus extend the action © as 

S = [ Sx^gH (22) 



where g = detg^u and gf^^ is the background metric. The pure C-S part of © is generally 
covariant irrespective of any metric. Thus the Lagrangean £ in (|22|) is taken to be the 
Lagrangean of © without the C-S kinetic term. The EM tensor is obtained from 



©S = - ^Sap (23) 



in the limit gfj^i, — > r/^,y. Explicitly 



= ydetil + Fe) 



If 1 1 \ /i I Y'' 



+ ( 1 Ifo 1 Iof )^ ^^^^^^^ + ( 1 Ifq 1 Iqf 



V 



(24) 



Note that by construction this EM tensor is both symmetric and gauge invariant. We can 
conclude that of the various expressions given above this form is the most satisfactory 
and can be identified as the physical EM tensor. 

The equations Q and (|in|l are a set of coupled nonlinear equations. It will thus be 
instructive to investigate whether they admit any solitary wave solution. This can be seen 
in a systemetic way by looking for the Bogomolnyi bounds of the equations. To this end 
we require the energy functional which can appropriately be constructed from the physical 
EM tensor ()24() . Note that until now our approach was completely general. Specifically, 
we did not assume vanishing time-space noncommutativity i.e. 9^'^ = 0. The issue of non 
zero time space noncommutativity is an involved subject in the literature. It has been 
argued that noncommutativity in this sector spoils unitarity jlOj and causality j2j but 
there also exists counter examples [22\ . However, assuming 6^^ = is almost conventional 
in the study of NC solitons and in the context of odd dimensional theories it is always 
possible to do so. A la this tradition we now assume that the noncommutativity exists 
only in the spatial direction. Going over to this limit the energy functional becomes 

E = J d^xeg = J d'x^det (1 + Fg) |2 ( ^ ^ ^^^ ^^ - {do<Pd.cP) 
1 1 \'"' 

{d^(t)du(l)) 



l + FOl + OF 



(25) 

With the stated assumptions about NC tensor 6^" the form of the matrices appearing in 
the above equation can be easily worked out. Explicitly, the matrix for ( iJ^pe i+eF ) 
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can be written as 



({' 





9E2 






eE2 


(1-eBf 
-1 


(1 


-BBf 



-1 


(l-0Bf 

-eEi 


[i-eBf 





{l-OBf 


(1 


-BBf 



(26) 



Also det (1 + FO) = (1 - 6*5) . While extracting the square root of this determinant one 
has to take positive value only. So for 6B < 1, \/det (1 + F6) = (1 — 6B) whereas for 
6B > 1 it is to be replaced by {9B — 1). The critical point 6B = 1 is known to be a general 
feature of the NC models, the origin of which can be traced back to noncommutativity in 
planar quantum mechanics |23! . 

The static limit of the energy functional will now be worked out. First, we observe 
from that for = 0, vanishes in the static limit. This leads to vanishing in- 
field, as can be seen from pOj) . making the coupling trivial. The expression of the energy 
functional (|^^ becomes. 



E 



d^x{{di(t>f + id2(t>f} (27) 



The energy functional is positive definite and trivially minimized. Clearly, there is no 
non-trivial solutions. We thus observe that there is no BPS soliton of the model. Note 
that nontrivial soliton solutions has been found in NC adjoint scalar field theories |13|ll4j 
with Maxwell coupling. However, these soliton solutions become singular in the 6 
limit. Since our approach has a smooth commutative limit, based as it is on the SW map, 
such singular solutions (if any) are not included in our model. 

We have discussed a novel approach of analysing a Chern-Simons (C-S) coupled real 
scalar field theory. A commutative equivalent of the model is obtained which is exact 
in the noncommutative (NC) parameter 9. This is based on a recently proposed exact 
Seiberg-Witten (SW) map ^TO^ which does not require explicit expansion of ★-product. At 
this point the approach is markedly different from the usual analysis of NC gauge theories 
using SW fields where one uses the maps in the form of series expansions in j^l Ej along 
with an expansion of the ^-product of the functions. Equations of motion satisfied by the 
dynamical fields have been written down without any restriction on the noncommutative 
structure. The resulting matter current has been shown to be conserved by explicit 
calculation which again provides a consistency check of our equations of motion. We have 
also demonstrated that upto first order in the NC parameters our commutative equivalent 
action is mapped into the usual version. Different forms of the energy momentum (EM) 
tensor have been worked out. It was observed that a satisfectory EM tensor can not be 
obtained from the canonical prescriptions. A symmetric and gauge invariant EM tensor 
is constructed by varying the action with respect to the a background metric and this has 
been identified as the physical EM tensor for our model. Specializing this NC tensor by 
neglecting noncommutativity in the time-space direction we have shown that the model 
does not have any nontrivial BPS soliton. Note that this only indicates the absence of 
such solutions in the sector which has a smooth commutative limit and any other singular 
soliton solution is not ruled out. The NC Maxwell term can be straightforwardly added 
in our model which will also be useful in the context of comparision with known results. 
Also the exact commutative equivalent approach illustrated here may be extended to 
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scalar fields in the fundamental representation if the corresponding exact SW map can be 
devised. This and other related issues will be taken up subsequently. 
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